







































































Math2010 Week 8 Similarly

Recall Matrix multiplication I a bi 5 I bi a BI

let A B be matrices 7 xn matrix n

A is mj B is nark AB is m k
Crowvector

K B 2xK

M rows n columns AB A 5 bi Abi Abi

at it l I kti L

If b Y EIR written as acolumnvector ef A B

KIKI 11 1 34 1then

Ab f ai pf.FII eirmAl5sl lIilAfal EsIIAlH MI 2 B 21 24 27
3 4 13 475 461










































































Vector valued Functions its

attire lift I H
Fix fix fmix It mxn matrixof3 Errors

vector valued fences Deth DefinetheJacobianmatrix off at a tobe
suppose IIIcat exists for each ij Decay Ig mxn matrix
Foreach 1 Ei Em Imlay

file fila 1 Ff ta I a Eik andthe linearization of f at a to be
1 1 Ix I Ix n nX l 1 1 LIE Fia 1 DIII I Ta
Here regard Ffiia as a row rector f is said to bedifferentiableat a if

I a as a columnvector

in orderto use matrixmultiplication
errorterm ETI III ICI

of linearizationsatisfies him KEEN o
Writing for lei em in a matrix I a HI III










































































Rmk Approximation

Dfcaslij ffj.la FIERI fTaTtDfTa7cx at

Fix Fia DFia a tea FCI Fia Dfia F a j
w

MX1 mil Mxn nxt mxi IF changein f Jacobian II _changein I
Matrix

If f is realvalued Imel then canconsider DFia as a linear map
Dfid Tta Dila IR Rm

KEITH HE Ellis lengthin IR resp III DFta Lx df
approximatedchange in f

finna if o finna on
m

af dF DfTaidx
T T THence vector matrix vector

Rmk Compare with f IR 7113f is differentiable fi is differentiable
at a ata.V i li.in dye df f la ax

T T A
number number










































































eg F R R i DFilio ft if
f xg lythlnx.hrsing11 Linearization of f at 11,0

Yt ln Rewrite as tiny Elliott DFH.nl j Lf
sinyti ohmvetn

E tf's 911 I
Find DF11,0
Approximate flag o Flo9,011 510.9 0.1

Sol fix.gr ytisenx L 11 911 I
f ix g x sing11 g 4I dI change int

Ff K Lux o T
1.7 df approximatedchangeoff

Ffz 2X cosy
I Rmk Actualchange in F

Dfix.gr if Yg at to.no.is Eino I L's










































































Picture Fu f DIII.co Loy Approximate Flo9,011

at 97,1 19 17 ot df

ofu.osoxco.a.o.isKiki I D
Tax _dx

y
f

copy f4.0711O

Fo9ay
09,01 1 0.1 1.7

Rmk Total differential can alsobewritten in matrix form

tirelpi spin
f

F I diff tK EIl tiara
Fm










































































ChainRule Au 41.42 For multivariablefunctions
Thomas 14.4 Thm ChainRule

Recall Onevariable let F c ERK IR
I EIR Rm

w glu zu 1 I g

U fix x Suppose that f is differentiableat a

g is differentiable at b Ita
gof Tx g'AHHHH or Then gof is differentiable at a
ddwj ddwu.LI DigitItal Dg that DECa I

mark min nark
2 2x 4X

Rmk Wemay write
t Is I

g
5

goth glfix guy
Abuseof 1pm
notation

ddgj ddgu.dk Rmk Forsimplicity wemayomit for vectors

fromnowon F f I X










































































eg f IR 7115 g lR2 lR Method 2 chainRule
f

Hot_loose sine fine Dfto5 ffi.FI oisn.f

gcuis i2uv.u vt fuii Dgluis ftp.g fIIIi
FmdDlgof lOl

Sol Method 1 Find composition explicitly
DGHHKDglcoso.s.net 2zsIf zs

got lo glcosf.sn0 ByChainRule
2costsino Dlgof Dgffcos Dflf
cos'O sin't

is i c
c

f 2sinf
2cos2O

4cosos.no

asotxoi IsIII.I k l I c
raised










































































egzfix.gs 4 2,3 4 5 Df fIffy f y gglairw Y
Consider got

X f f u g
Dflli If

I 7 f V I I gY f _w Dlgof 11,1

Find 3 11 l Dglfcl.it Dfll 1

RmkRegardg as afunctionof x y L F F

Sol Dg Og fwy aye y
L I 0

Dg Hii Dg 1 3,2
Note Dgot ft ffg

E F s i 3 11.17 1










































































In last example Dlgof _Dg Df egwlx.y.tt Ix y 122 where

2g Hi X 3etsins
ox ax

y 3etcoss
aIoI f's.FMk7IffEIfzaetf3W

find 2W at 5 t 0
Frommatrixmultiplication wegetanotherformof
chain rule in classicalnotation Sol

37 37 37 If 3 IF Fx Fy 37
X

1x4y4zz
3etross

y u Ey137Ey EwEy
y setsins 11 9 10

BranchDiagram g output k4y4E
for I 5 t O x g 25 10,34ox u v w Intermediate

variables
21

of input ascs.ty.coo
O 1510 10 0










































































es John iswalkingwithpositionattimet DH

by
Ht Etl

Atf 6 16 16 4 so

Given
ylty zE

John is goingdownat E 1

Attitude is Hlx.gl x y 1100 At t 4 x g 12,2

Is Johngoingupldown at t l TH 2x 2g

Whichdirectionshouldhegoinstead
04122 14 4

at t l to godownmostquickly a It decreasesmostrapidly in thedirection
N

of 71112,2 I 4,4 p fSol Find dd It pH i John shouldgo NW

h I t
y
date a

t Rmk in
xjandy

direction gradient

12113E they l4t date 3 did 131g date OH I daff
24413135 2125114T T T T

velocity in x andydirection velocity6t5 16T't GE












































































Picture Altitude Hix.gs E y 1100

Position Htt Et

yl4 2 5

NW
1

11 96 f I

iii ii
A

11 100 to
11 104

Graphof 2 Hurry

levelcurves










































































Idea of Pf of ChainRule
Suppose f c ERK Rn differentiable at a

g I EIR Rm differentiable at b f a ER

For XE Ri f X f a Df a X a t Efl x i

y Enz gly g b Dgb ly b t Egly Cii

Put y fix b flag and lit into Cii

GHCx gHeaD Dgflat Dfa Ix a t Eflx 1Eg fix

DgHea Dfla IX a t DgfflaDEfk t EgHKD
Math2050fordetailslinear in X a let it beEgof X whenm n k I

showthat lionHEgot1 11 o f f
continuous at a Has flash small Eglfars small

a 11x all EffX small DgfflaDEflx small

got is differentiableat a withDlgof a Dglfia Dfca



Summary JacobianMatrix ChainRule inclassicalnotations

fire IR IR 1variable realvalued Xii Xk t
Yu Yn 8 Igi igm

Xi far
Gi GilYi iyn are functions of Yi syn

1 fix did scalar 1 1matrix
yj fj fjlxu.u.dk arefunctionsofXii Xk

fire Rn IR multivariablerealValued Wecan regard gi gilt Hk asX LXi i Xn i f X f Xi in functionsof tic Xk
Dfw Pfk

l ixs gr xyf7IYnsmIIi
chainraleinmatrixform

3
f repisianimultivariabavector ramen f Iix i Xn I It'm fill filk Mn

mark mxn nxk

3 0 i throw j thcolumn

I If HIM see t
nm


